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ABSTRACT

Most closed-form analytical solutions of the binary spin-bath afiewlifto interpret in
terms of underlying physics. The key notions are the presencekioktic and a thermal
equilibrium and that the time course of saturation recovery under aorgddf fast-exchange
can be understood as conjoint relaxation and loss-less transfemtr@jucing a suitable
parameter it is shown how exchange and differential retaxatunteract each other: The
amount of transferred saturation (transfer term) is altemddtee kinetic equilibrium appears
slightly disturbed (difference term). Although the factorizatiomfally represents the general
solution of saturation recovery in the binary spin-bath, this interppetapplies only to the
case of fast exchange and slow relaxation. By calculatiagsét of parameters for a wide
range of hypothetical values &, it was shown that the difference term is crucial to
describe the transition to the slow-exchange limit. The traresfier ¥anishes as the two pools

appear decoupled in this approximation.
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INTRODUCTION

The ‘binary spin-bath’ (BSB) is a widely used model for NMR ®&sidof two-site
exchange processes. In the context of MR imaging (MRI), this phemdogéal description
of two pools of magnetization with linear exchange is commonly usedesoribe the
mechanism of magnetization transfer (MT) contrast. Here, Wte gools represent the
observable bulk water and the ‘invisible’ rotationally restrictechi-solid macromolecules in
biological tissues. Quantitative evaluation of MT in brain tissueshasn that the difference
between the relaxation rates is much smaller than the sum ekthange rates. This is the
condition of the ‘fast exchange approximation’.

Recently, we presented a free-evolution model to describe theatsan created by
periodic radio-frequency pulses (1,2). Contrary to other solutions afataturecovery in
analytically closed form, we introduced parameters that adopetecifis physical meaning
under the condition of fast exchange. This provided insight into how theveldddnetic of
saturation recovery is influenced by the saturation of macromekec#ursuing a more
qualitative and less formalistic approach we elaborate theetabinge MT-model by
starting from the asymptotic conditions of negligible relaxation reegligible difference in
relaxation. This approach motivates a factorization of the evolutiom relaxation and
transfer, even for the general solution for the BSB. Since comgait@inexchange is a basic
mechanism of relaxation is tissue (3), this note places the tivabfeamework into a wider
context than MT applications. We elucidate specific issues ofB®B, like the kinetic
equilibrium, the influence of differential relaxation, and the ttasifrom conditions of

rapid exchange to slow exchange (3,4).
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THERMAL AND KINETIC EQUILIBRIUM

Before starting a general discussion of the binary spin-bath, onedstiaw a clear
distinction between thevo kinds of equilibrium involvedthermal (Boltzmann) andkinetic
equilibrium. The spin densities of free water and macromolecutetha main determinants
for both equlibria of the subsystems (or “pools”). The magnetizatiotigimal equilibrium,
M% andM®,, are influenced by temperature and polarizing magnetic figleRermining the
absolute size. They are restored by the intrinsic relaxation r&e®ndRy,, which would be
observed in the absence of exchange. The microscopic mechanismsndgeteemumber of
exchanging spin pairs during unit time. A formulation by a stoahastidel is found in the
classic account of Zimmerman and Brittin (4). Theetic equilibrium is usually stated in
terms of the equilibrium magnetizations,

dM°® /dt =k, M =k, M2, [1]
thus defining the first-order rate constants of trangfgrandk.. Note thatv° andM,,’, as
well aski, andkyn may be scaled arbitrarily without changing Eq. [1]. Like in kingteory,
the kinetic equilibrium is characterized by a consgoportion betweenM% andM°, (the
pool size ratiof), but not by the absolute size of magnetization and exchange Adter
disturbance of the system, the exchange mechanisms strivegtaldish kinetic equilibrium.
Unlike thermal equilibrium, the kinetic equilibrium doest define a state of constant
magnetization. The fact that the size is maintained by honsgpatabiological systems and
that M% andM°,, represenboth equilibria may explain why this distinction is rarely worked
out in the context of MT.

The longitudinal part of the coupled Bloch (or McConnell) equations iralbsence of

RF irradiation is solved for the “saturation vector”

_(ne)_(1-M¢ /M
" (nm] L—Mm/M%]' “
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This intuitively uncommon representation is used throughout the paper, dacaosvides
the simplest form of a general solution for the time evolution ottlpled Bloch equations.

These are transformed to a homogeneous system of differential equations:

d (N —Kim — Rt Kim N
hall = . 3
dt (nmj ( Kin ~Kmf ~ lej(nm] .

A comprehensive treatment of the coupled Bloch equations is gi@&). In the notation of
N, the Boltzmann equilibrium refers to zero saturation, so longitud#hatation can be seen
as decay of saturation. It is intuitively clear that equalratibn of the pools still satisfies the

conditions of kinetic equilibrium:

MS-M, MS-M, M, M?
Ne =Ny = — o = = =—==f. [4]
M, M M, M,

Consider now the recovery after complete saturation or inversiotheoftotal system.
Although the pools were still balanced with respect to exchangeraetitfal relaxation of the
pools will eventually disturb the kinetic equilibrium. The opposing ¢&dfexf differential
relaxation (disturbing the kinetic equilibrium) and exchange (eskatdjsthe kinetic
equilibrium) are the key to understand the general behavior of they Isipia bath. Based on
the distinction between relaxation and transfer we can stegepybsild up an understanding

of the free evolution of the BSB following arbitrary saturation.

ABSENCE OF RELAXATION AND CONSERVATION OF MAGNETIZATON

In the asymptotic case of infinitely slow relaxation, ttensfer of saturation occurs at a
rate
Rr = Knf + Kim - [5]
This can be shown by settifiys andRyy, to zero in Eq. [3]. The time evolution fafter an

arbitrary initial saturation of the pools Ry andd, (which may have been created by a
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selective radio-frequency pulse) is given by multiplicatiora dime-dependent 2x2 matrix,

the transfer matrix :

5 (1-Feep(ry]  FhepCRY] (3
07605 <[4 o] troetrg e

F denotes théaction of themacromolecular pool of the total magnetizationhe BSB.

__ My f
MP+M°  1+f

[7]

After the transfer is accomplished at> 5Ry, kinetic equilibrium is re-established at a

common level of saturation that is given by thelmioe weighted average:

“&>5/&):F—F Fﬂéq:(aqﬂa+F%]. -

1-F F)I5,) ([1-F) +F3,
This value corresponds to the fraction of the totagnetization that has been initially
saturated, as expected for the kinetic equilibrikior ideal MT =1, & = 0), this is the
macromolecular fractionH); for inverse MT & =1, & = 0), this is the fraction of free water
(1-F). This is a reasonable result, as the total maatein must be conserved during

transfer when there is no relaxation. However,sine of the saturations is not conserved as
each normalized by the pool size which are genematit equal. The terms with the
1-exp(-Rrt) time-dependence describe the transferred sadaraln the right column of
(representing ideal MT), saturation is transferfredh the macromolecules to water. The ratio

of the corresponding amplitudes represents the gigelratio as required by Eq. [3]

= f = m [9]

The left column yields the inverse relationshiptfoe case of inverse MT.
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UNDISTURBED TRANSFER IN THE ABSENCE OF DIFFERENTIARELAXATION

When relaxation occurs at the same rate in bothspdbe kinetic equilibrium remains
undisturbed after equal saturation. The signifieaoicthe terms describing the time evolution

of n can be established from this special case sataragicovery. It is usually written as a
linear combination of exponentials decaying atgaie€Ar andAr. These are given by the
negative eigenvalues of Eq. [3] (to render positigkies ofAir andAt). Rim = Rir = Ry results
in a simple factorization of the characteristic &pn for

AMR=R; [10a]
and

At =Kim + Kkt + R =Ry + Ry. [10Db]
When comparing Egs. [5] and [10b], the occurrerfd®,shows thaht may not be equated to
the rate of transfer as claimed earlier (1). Int,fatso the second exponential must have a
contribution fromR;, because thavhole BSB is relaxing at this rate. This relation is
concealed in the general solution (see Eq. [1§[LYf because the expressions AarandAr
are more complicated. For the linear combinatioreg{—Agrt) and exp(-Art) the unbiased
term ‘evolution matrix’,E(t), is suggested. We have somewhat prematurely thsederm
‘transfer matrix’ (1), while others have suggestethxation matrix’ (6). As a matter of fact,
both terms are equally unsatisfactory, as the éemliomprisedoth transferand relaxation.
The evolution can be factorized into a scalar &iax term and the actual transfer matflix,

of Eq. [8]:

n(t)= E(t)(? ] = exp(- Rit)( 1-Fli-ep(-Rt)]  Fli-ep(-Rt)] j(éf ]

n (1-Fli-exp(-Rt)] 1-0-Fli-ep(-RH))\3,

[11]
- ogl- at)T(t)[ | j expl-Rt) (1)

The factorization of the free evolution matrix ateotivates the use of a time-dependent

‘apparent saturationdapdt), to describe repetitive saturation (1,2,7). Thpaaent saturation



8/16 Relaxation and exchange in the birsaig-bath

is simply the product of the transfer matrix durthg repetition periodl (PR), and the vector
of initial saturations imposed by one RF pulse. &pparent saturation describes the transfer

of saturation in the BSB by the rateXaf—Ar corrected for ongoing common relaxation by the

rate ofAg.
APPROXIMATION FOR FAST EXCHANGE

In the general solution one may identify similamme as in the asymptotic case when

there is no differential relaxation (1), so theletion matrix of the BSB can be written as:

E(t) = exp(—)\Rt)T(t) = exp(_)\Rt)(_lTﬂ :II:fm ] _

mf
1-T[1-exp(- AAt)] (T-D)a-exp(-ant)] ) - [12]
e(- )\Rt)((l—T)%[l— exp(- ML) 1-(1-T)[1-exp(- AAt)]

With the general expressions for the four paramsetBi. [13] represents the free
evolution for arbitrary parameters of the BSB. Quative MT studies on brain tissue (8)
have shown that the BSB model is characterizedbgitions of fast exchange:

-1<<€&= (Rim— Rus )/( kim + kmf) <<1 [13]
The dimensionless parametey,describing the ‘differential relaxation’ duringettexchange
time 1Ry, will be used in the next section. Under condsianf fast exchange, thermal
equilibrium is restored in both pools simultanegala rate of

A= (1-F) Ryt + F Rim =Ry, [14]
showing the weighted average that is characteffigticonditions of fast exchange. Transfer
takes place at a rate of

AN = A1t —Ar = kKim + ke + (- 2F ) (Rim—Ruf) =Ry . [15]

and not air as stated earlier (1). The amplitudes are givethéytransfer term’

T:kfm"'Rf_)\R:kfm"'F(Rf_Ru)_ [16]
A —Ag R,
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and the ‘difference term’

D= le _)\R ~ F(Rif _Rim) [17]
A —Ag R

The sign ofD is an arbitrary convention. In the context of MT js negligible because both
the macromolecular fraction and the differencedlaration are small. In order to illustrate

the closeness of the conditions in tissue to themptotic case, Fig. 1 shows the tim¢ Fig. 1

dependence of the transfer matffixlt was calculated for white matter (WM) at 1.5 Eefir
the same parameters of bovine WM (8) as used prslyid1l). Again, the elements in the
right matrix column describe the case of “ideal Mafter selective saturation of the
macromolecules (bottom curvés.,, Tmm); the elements in the right matrix column the
saturation transfer after selective saturationhef free water (“inverse MT”, top curvdsg,
Tmr). Convergence onto a constant plateau indicatetikiequilibrium because these curves
appear corrected for ongoing relaxationRaywhen compared to Fig 1a in (1).

The slight mismatch of and Ty in kinetic equilibrium is the result of differeatirelaxation
and will be discussed below. It was not seen fa tfashed curve calculated for the

asymptotic case @&y, = Ryr.

DISTURBANCE OF TRANSFER BY DIFFERENTIAIRELAXATION

Using the small parameter of differential relaxat{&g. [13]) to replac&, the relaxation rate
can be rewritten as
Ri =Ryt +F (Rim—Ri) =Ry +kim€ [18a]
or
Ri =Rim— (1-F) (Rim—Rir) = Rim— ke € [18Db]
One sees that the difference between the obseateR;rand the intrinsic relaxation ratBsn,

andRyris due to the small disturbance &yywhich is conveyed by exchange.
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Identical disturbance terms appear in

Rr =km + Knf + (1-2F) (Rim=Rur) = Kim + Kt + (Kmf —Kim) € = Kim(1-€) + ke (1+€).  [19]
Thus, the exchange rate to the pooksmis decreased if this pool relaxes faster, whileemor
magnetization flows off to pool f, which is laggirgehind in relaxation. Note that in the
hypothetical combination of fast exchange and mgiar being much faster than exchange,
the observed transfer rate would be much slower the observed relaxation rate, reflecting
that the kinetic equilibrium is mainly restored f®faxation to the thermal equilibrium. After
a lengthy conversion, the transfer term can beewrias

T = kim(1~€) / [ kim(1~€) + km (1+€) ], [20]

By comparing the definition of in Eq. [7] to Eq. [20] one sees th@t may be
interpreted as effective pool size in the presafckfferential relaxation. The difference
term applies to the case of ideal MT. It accouatstie mismatch between the observed level
of free water saturation and the kinetic equilibrium expddorT. This explains why is the
difference between bulk water relaxatid®y, and the observed relaxatiokg, during the
transfer time, XA (Eq. [17] of (1)). Here, we write

D =T — kim/A\ = =€ Kim / [ Kim(1-€) + ks (14+€) ] =—F €, [21]

In the special case ef= 0, one get3 =F andD = 0.

To discuss the effect of differential saturaticet;d consider that macromolecules relax
slower than the free watez € O like in our exampleR;m, = 1 s* vs.Ry; = 1.36 §'). Naturally,
the average relaxation is slowed down when comptardee water. The average relaxation
rate R, is of course slower thalRym. For the case of ideal MT, this entails a smédbes of
macromolecular saturation than expected for colasienv of magnetization and average
relaxation. Thus, the macromolecule saturation efgivby Tm) in the disturbed kinetic
equilibrium (given byT) is higher thar-. On the other hand, the saturation transferrdtido
free water,T-D, is slightly lower thanl, since the free water relaxes a bit faster than th

average, indicating th& becomes positive.
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A similar reasoning can be performed for the cadéscreasingrim (€ > 0) and inverse

MT. The dependence af D, Ag onRy is shown in Fig. 2. The values representing Figrel‘ Fig. 2
found forRym = 1s* on the left marginThe difference term is small and changes its stgn a
Rit = Rim. T decreases clearly with increasiRy,, when compared to the estimate fof
(dashed line) even thoudi still obeys the fast exchange law R, < 10 s,

The components of the transfer matrix are affeddtérently by €. This may be
illustrated by the approximatid®,, = Ry; for bovine WM shown as dashed curve in Fig. 1. A
significant deviation exceeding the linewidth oétplot was observed only fdi, (inverse
MT). This is due to the small relative size of thacromolecular pool: First, the difference
between macromolecular and observed relaxatiorogoptional to (+F) and thus larger than
for bulk water. Second, the equilibrium level ofusation for inverse MT higher than for MT.
In Tmithe mismatch is proportional to{&)? because these effects multiply.

D has been introduced as a correction term for deration transferred to the visible
pool by ideal MT, where the macromolecules areraged. The mismatch is proportional to
F?, soD may be neglected in the context MT where usualmall fraction of the total

system is saturated (1).
FINDING T AND D FOR THE OTHER POOL

The definition of transfer and difference term 1) vas motivated by the asymmetry of
the MT model, where the macromolecular pool is $i@adl unobservable. It is equally valid
to defineT* andD* for the macromolecular pool. Due to the symmetryhef coupled Bloch
equations, this can be achieved by swapping thecsipls ‘" and ‘m’. The relationship with
T andD is straightforward for the transfer term, wherd 1s simply substituted by*:

T* = Ks (1+€) / [ kim(1—€) + ks (1+€) ] [22]

The difference term is found by replacing A T/ (T-D) by T*—D* in Tps..
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D* :(1—T)—(1_T)T =-pi7T [23]
T-D T-D
This is the deviation of s from the approximate kinetic equilibrium seen igUfe 1.
D*= T *— kil AN = € Ky / [ Kim(1—€) + ks (1+€) ] = -DIf = (1-F ) €, [24]

This shows thaD* is much larger tharD, the deviation ofTy,. This is again due to the
scaling of the saturations. The change in sign rscbacause one pool relaxes faster than
and the other slower.

A common problem of MT is thd®;,, cannot be measured experimentally from steady
state conditions (7). If differential relaxationssall, its influence in free evolution can be
parameterized by

1-KallZ8) oo Ryl e p-el-Ra)
Et)=em(-(R +ketk) | Tee [25]

f )
—t[1-exp(- Rit) 1-—m =" 21— exp(- Rit)
R [ ] R; [ ]
This was derived by replacing;, T and D. Ry still appears in the denominator and

exponentials for the sake of abbreviation.
TRANSITION FROMFAST TO SLOW EXCHANGE

We explained above, how transfer tries to restorévdalance between the pools and
how differential saturation disturbs the kinetiaugprium. The assignment of relaxation and
transfer looses its meaning, when differentialxateon can no longer be regarded as small.
For illustration, the dependence af, T, and D was calculated for a wide range of
hypothetical relaxation rates of the macromolecplaol, Ry, (Fig. 2). All other parameters
are the same as in Fig. 1.

For values up to 10°%5 the apparent relaxation rakg increases according to the fast
exchange approximation (Eq. [14], dotted curve)isThcrease is however limited. Ajm

increases the fraction of free water that relaxasthe transfer to macromolecules increase.
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This channel is limited by the forward transfererafor large valuesR{, > 1000 §%), Ag
approaches a constant maximum in the well-knowowstxchange” approximation (3,4)
yieldingAr = Ryt + kim. This approximation is derived by applying

(kem + Kmf) / |Rim— Rur | << 1 [26]
in a similar way as in Eq. [34] of (1). In the sl@wxchange regime, the kinetic equilibrium
can no longer be attained by transfer because ooé rglaxes rapidly back to thermal
equilibrium, here by\t = Rin + k. The observed rates of free evolution have beqoood
specific and account for relaxation and flow-off ttee other pool. Remember that in this
example the exchange rates are actually still #reeswhile only one relaxation rate was
increased until it accounts for major part of reldon of the whole system. Since relaxation
via one pool prevails, the transfer tefhdescribing the transferred amount of saturation to
establish the kinetic equilibriunT) is negligible.D is given by the amplitude Gkq:

—D = kim / AN = Kim / (K¢ + Rum) [27]

In the case of slow exchan@eaccounts for themount of saturation transferred during
the relaxation time of the macromolecular pool, chhidlecreases witR;,,. The factorization
of the evolution matrix (Eq. [12]) is no longer tildeOver the intermediate regime describing
the transition from the fast to slow exchange, ¢éxponential components can neither be
assigned to relaxation or transfer (fast exchamged specific pool (slow exchange). The
transfer term decreases to zero, while the difiexdarm bridges the intermediate regime: It
increases towards a maximum at the center of #msitron, but is still considerably different
from zero even wher@g already nicely follows the approximations of famtd slow

exchange.
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Figure1:

Relaxation and exchange in the lyiisgin-bath

Time dependence of the re-defined transfer malie [12])
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Solid lines represent saturation of macromolec(@igsal MT), thin lines the saturation of

water (inverse MT). Convergence onto a level ofstant saturation indicates the kinetic

equilibrium. The mismatch betwedn,, andTs, due to differential relaxation is not resolved.

Calculated with parameters determined experimgntafi bovine white matter (8). The

dashed line indicates the approximationTgf for equal relaxationRim = Ryf). Deviations

from the other curves did not exceed the line watdtthe plot.
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Figure 2:

Transition between the limits of fast exchange tedslow exchange
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The dotted lines indicate the approximations\gffor fast and slow exchange. The dashed

line indicates an equivalent Bfin the fast exchange case. All parameters asginlFi



